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Abstrat
We ompute the ontributions to ontinuum photon pair prodution at hadron olliders from
proesses initiated by gluon-gluon and gluon-quark sattering into two photons through a four-leg
virtual quark loop. Complete two-loop ross setions in perturbative quantum hromodynamis
are ombined with ontributions from soft parton radiation resummed to all orders in the strong
oupling strength. The struture of the resummed ross setion is examined in detail, inluding
a new type of unintegrated parton distribution funtion aeting azimuthal angle distributions
of photons in the pair's rest frame. As a result of this analysis, we predit diphoton transverse
momentum distributions in gluon-gluon sattering in wide ranges of kinemati parameters at the
Fermilab Tevatron and the CERN Large Hadron Collider.
PACS numbers: 12.15.Ji, 12.38 Cy, 13.85.Qk
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I. INTRODUCTION
Advanes in the omputation of higher-order radiative ontributions in perturbative quan-
tum hromodynamis (PQCD) open opportunities to predit hadroni observables at an
unpreedented level of preision. Full realization of this potential requires onurrent im-
provements in the methods for QCD fatorization and resummation of logarithmi enhane-
ments in hadroni ross setions in infrared kinemati regions. All-orders resummation of
logarithmi orretions, suh as the resummation of transverse momentum (QT ) logarithms
in Drell-Yan-like proesses [1℄, is inreasingly hallenging in multi-loop alulations as a
result of algebrai omplexity and new types of logarithmi singularities assoiated with
multi-partile matrix elements.
In this paper, we address new theoretial issues in QT resummation at two-loop auray.
We fous on photon pair prodution, partiularly on the gluon-gluon subproess, gg → γγ,
one of the important short-distane subproesses that ontribute to the inlusive reations
pp¯ → γγX at the Fermilab Tevatron and pp → γγX at the CERN Large Hadron Collider
(LHC). This hadroni reation is interesting in its own right, and it is relevant in searhes
for the Higgs boson h, where it onstitutes an important QCD bakground to the pp →
hX → γγX prodution hain [2, 3, 4℄. A reliable predition of the ross setion for gg → γγ
is needed for omplete estimates of the γγ prodution ross setions, a task that we pursue
in aompanying papers [5, 6℄.
The lowest-order ontribution to the ross setion for gg → γγ arises from a 2 → 2
diagram of order O(α2α2s) involving a 4-vertex virtual quark loop [Fig. 1(a)℄. We evaluate
all next-to-leading (NLO) ontributions of order O(α2α3s) to the gg → γγ proess shown
in Figs. 1(b-e). An important new ingredient in this paper is the inlusion of the gq →
γγq proess, Fig. 1(d), a neessary omponent of the resummed NLO ontribution. Our
omplete treatment of the NLO ross setion represents an improvement over our original
publiation [7℄, in whih the large-QT behavior of the gg subproess was approximated, and
the gq ontribution was not inluded. Furthermore, we resum to next-to-next-to-leading
logarithmi (NNLL) auray the large logarithmi terms of the form ln(Q2T/Q
2) in the
limit when QT of the γγ pair is muh smaller than its invariant mass Q. Our NNLL ross
setion inludes the exat C oeients of order αs for gg + gq → γγX , and the funtions
A and B of orders α3s and α2s in all subproesses, with these funtions dened in Se. II.
We begin in Se. II with a summary of kinematis and our notation, and we outline the
partoni subproesses that ontribute to γγ prodution. In this setion, we also derive a
matrix element for the qg → γγg proess shown in Fig. 1(d), a subproess whose ontribution
is required to obtain onsistent resummed preditions for all values of QT . We obtain the
O(α2α3s) ross setion for the gq → γγq proess from the olor-deomposed qq¯ggg amplitudes
in Ref. [8℄.
The rih heliity struture of the gg → γγ matrix element is addressed in Se. III. The
heliity dependene requires a new type of transverse-momentum dependent (TMD) parton
distribution funtion (PDF) assoiated with the interferene of amplitudes for initial-state
gluons of opposite heliities. The existene of the heliity-ip TMD PDF modies the
azimuthal angle distributions of the nal-state photons, an eet that ould potentially
be observed experimentally. By ontrast, in vetor boson prodution pp
(−) → V X (with
V = γ∗,W, Z, ...), suh heliity-ip ontributions are suppressed as a result of the simple
spin struture of the lowest-order qq¯V oupling. In this setion, we establish the presene
of heliity interferene in the nite-order 2 → 3 ross setions by systematially deriving
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Figure 1: Representative parton sattering subproesses for diphoton prodution in gluon-gluon
sattering.
their soft and ollinear limits in the splitting amplitude formalism [8, 9, 10, 11, 12, 13, 14℄.
We show how the heliity-ip TMD PDF arises from the general struture of the small-QT
resummed ross setion.
Setion IV ontains some numerial preditions for the Tevatron and LHC, where we
show the fration of the rate for γγ prodution supplied by the gg + gq subproess. The
generally expeted prominene of gg+ gq sattering at the LHC is only partially supported
by our ndings. The large gg partoni luminosity annot fully ompensate for the small
ross setion assoiated with gg sattering. Our ndings are summarized in Se. V. Three
Appendies are inluded. In Appendix A, we present some of the details of our derivation
of the amplitude for the subproess qg → γγg. In Appendix B, we derive the small-QT
asymptoti form of the NLO ross setion for gg → γγ.
II. NOTATION AND SUBPROCESSES
A. Notation
We onsider the sattering proess h1(P1) + h2(P2)→ γ(P3) + γ(P4) +X, where h1 and
h2 are the initial-state hadrons. In terms of the enter-of-mass ollision energy
√
S, the γγ
invariant mass Q, the γγ transverse momentum QT , and the γγ rapidity y, the momenta P
µ
1
and P µ2 of the initial hadrons and q
µ ≡ P µ3 + P µ4 of the pair are expressed in the laboratory
frame as
P µ1 =
√
S
2
{1, 0, 0, 1} ; (1)
P µ2 =
√
S
2
{1, 0, 0,−1} ; (2)
qµ =
{√
Q2 +Q2T cosh y,QT , 0,
√
Q2 + Q2T sinh y
}
. (3)
The light-one momentum frations for the boosted 2→ 2 sattering system are
x1,2 ≡ 2(P2,1 · q)
S
=
√
Q2 +Q2T e
±y
√
S
. (4)
Deay of the γγ pairs is desribed in the hadroni Collins-Soper frame [15℄. The Collins-
Soper frame is a rest frame of the γγ pair (with qµ = {Q, 0, 0, 0} in this frame), hosen
so that (a) the momenta
~P1 and ~P2 of the initial hadrons lie in the Oxz plane (with zero
3
azimuthal angle), and (b) the z axis bisets the angle between ~P1 and −~P2. The photon
momenta are antiparallel in the Collins-Soper frame:
P µ3 =
Q
2
{0, sin θ∗ cosϕ∗, sin θ∗ sinϕ∗, cos θ∗} , (5)
P µ4 =
Q
2
{0,− sin θ∗ cosϕ∗,− sin θ∗ sinϕ∗,− cos θ∗} , (6)
where θ∗ and ϕ∗ are the photon's polar and azimuthal angles. Our aim is to derive re-
summed preditions for the fully dierential γγ ross setion dσ/(dQ2dydQ2TdΩ∗), where
dΩ∗ = d cos θ∗dϕ∗ is a solid angle element around the diretion of ~P3 in the Collins-Soper
frame of referene dened in Eq. (5). The parton momenta and heliities are denoted by
lowerase pi and λi.
B. Sattering ontributions
We onentrate on diret prodution of isolated photons in hard QCD sattering, the
dominant prodution proess at hadron olliders. A number of hard-sattering ontributions
to the proesses qq¯ + qg → γγ, as well as photon prodution via fragmentation, have been
studied in the past [16, 17, 18℄. Our numerial alulations inlude the lowest-order proess
qq¯ → γγ of order O(α2) and ontributions from qq¯ → γγg and q(−)g → γγq(−) of order O(α2αs),
where α(µ) = e2/4π and αs(µ) = g
2/4π are the running QED and QCD oupling strengths.
Glue-glue sattering is the next leading diret prodution hannel, with the full set of
NLO ontributions shown in Fig. 1. Prodution of γγ pairs via a box diagram in gg sat-
tering as in Fig. 1(a) [19℄ is suppressed by two powers of αs ompared to the lowest-order
qq¯ → γγ ontribution, but is enhaned by a produt of two large gluon PDF's if typial
momentum frations x are small. The main O(α2α3s), or NLO, orretions, inlude one-loop
gg → γγg diagrams (b) and () derived in [20, 21℄, as well as 4-leg two-loop diagrams (e)
omputed in [22℄. The real and virtual diagrams are ombined in Ref. [23℄ to obtain the full
NLO ontribution from gg sattering. In this study we also inlude subleading NLO ontri-
butions from the proess (d), gqS → γγqS via the quark loop, where qS = ∑i=u,d,s,...(qi + q¯i)
denotes the avor-singlet ombination of quark sattering hannels. The gqS → γγqS heliity
amplitude is derived from the one-loop qq¯ggg amplitude [8℄ and expliitly presented in Ap-
pendix A. As a ross hek, we veried that this amplitude orretly reprodues the known
ollinear limits. Our result does not onrm an expression for this amplitude available in
the literature [24℄, whih does not satisfy these limits. When evaluated in our resummation
alulation under typial event seletion onditions, gg + gqS sattering ontributes about
20% and 10% of the total rate at the LHC and the Tevatron, respetively, but this fration
an be larger in spei regions of phase spae.
III. THEORETICAL PRESENTATION
A. Small-QT asymptotis of the next-to-leading order ross setion
When the transverse momentum QT of the diphoton approahes zero, the NLO produ-
tion ross setion dσ/(dQ2dy dQ2TdΩ∗), or briey P (Q,QT , y,Ω∗), is dominated by γγ reoil
against soft and ollinear QCD radiation. In this subsetion we onentrate on the eets
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of initial-state QCD radiation and derive the leading small-QT part of the NLO dierential
ross setion, alled the asymptoti term A(Q,QT , y,Ω∗).
The O(αs) asymptoti ross setion valid at Q2T ≪ Q2 onsists of a few generalized
funtions that are integrable on an interval 0 ≤ QT ≤ PT , with PT being a nite value of
transverse momentum:
A(Q,QT , y,Ω∗) = Fδ(Q, y,Ω∗)δ( ~QT )
+ F1(Q, y,Ω∗)
[
1
Q2T
ln
Q2
Q2T
]
+
+ F0(Q, y,Ω∗)
[
1
Q2T
]
+
+ . . . . (7)
The + presription [f(QT )]+ is dened for a funtion f(QT ) and a smooth funtion g(QT )
as ∫ P 2
T
0
dQ2T [f(QT )]+ g(QT ) ≡
∫ P 2
T
0
dQ2Tf(QT ) (g(QT )− g(0)) ; (8)
[f(QT )]+ = f(QT ) for QT 6= 0. (9)
Subleading terms proportional to (Q/QT )
p
with p ≤ 1 are negleted in Eq. (7). Its form is
inuened by spin orrelations between the initial-state partons and nal-state photons. As
a onsequene of these spin orrelations, the funtions Fδ, F0, and F1 depend on the diretion
of the nal-state photons in the Collins-Soper frame (the polar angle θ∗ and sometimes the
azimuthal angle ϕ∗).
The spin dependene of the small-QT ross setion in the gg → γγg and gqS →
γγqS hannels is omplex. The Born-level proess g(p1, λ1) + g(p2, λ2) → γ(p3, λ3) +
γ(p4, λ4) is desribed by 16 non-zero heliity amplitudes M4(p1, λ1; p2, λ2; p3, λ3; p4, λ4) ≡
M4(λ1, λ2, λ3, λ4) for quark-box diagrams of the type shown in Fig. 1(a). The normalization
of M4(λ1, λ2, λ3, λ4) is hosen so that the unpolarized Born gg → γγ ross setion reads as
dσgg
dQ2dy dQ2TdΩ∗
∣∣∣∣∣
Born
= δ( ~QT )
Σg(θ∗)
S
fg/h1(x1, µF )fg/h2(x2, µF ), (10)
where
Σg(θ∗) ≡ σ(0)g Lg(θ∗), (11)
with
σ(0)g =
α2(Q)α2s(Q)
32πQ2(N2c − 1)
(∑
i
e2i
)2
, (12)
and
Lg(θ∗) ≡
∑
λ1,λ2,λ3,λ4=±1
|M4(λ1, λ2, λ3, λ4)|2 . (13)
In these equations, Nc = 3 is the number of QCD olors, ei is the frational eletri harge
(in units of the positron harge e) of the quark i irulating in the loop, and fg/h(x, µF )
is the gluon PDF evaluated at a fatorization sale µF . The right-hand side of Eq. (13)
inludes summation over gluon and photon heliities λi, with i = 1, ..., 4.
At NLO, the small-QT ross setion is proportional to the angular funtion Σg(θ∗) (the
same as in the Born ross setion), and another funtion
Σ′g(θ∗, ϕ∗) = σ
(0)
g
∑
λ1,λ2,λ3,λ4=±1
M∗4(λ1, λ2, λ3, λ4)M4(−λ1, λ2, λ3, λ4)
≡ σ(0)g L′g(θ∗) cos 2ϕ∗. (14)
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Figure 2: The funtions Lg(θ∗) and L
′
g(θ∗) arising in the gg → γγ asymptoti ross setion (16)
and their ratio.
The funtion Σ′g(θ∗, ϕ∗) is obtained by spin-averaging the produt of the amplitude
M4(λ1, λ2, λ3, λ4), and the omplex-onjugate amplitudeM∗4(−λ1, λ2, λ3, λ4) evaluated with
the reverse sign of the heliity λ1. The sign ip for λ1 results in dependene of Σ
′
g(θ∗, ϕ∗)
on cos 2ϕ∗. The θ∗ dependene of Σ
′
g(θ∗, ϕ∗) enters through the funtion
L′g(θ∗) = −4Re
(
M
(1)
1,1,−1,−1 +M
(1)
1,−1,1,−1 +M
(1)
−1,1,1,−1 + 1
)
, (15)
presented in terms of redued amplitudes M
(1)
λ1,λ2,λ3,λ4
in the notation of Ref. [22℄. For om-
parison, the funtions Lg(θ∗) and L
′
g(θ∗) are plotted versus (1 + cos θ∗)/2 in Fig. 2.
The NLO asymptoti term in the sum of the ontributions from the gg → γγ and
gqS → γγ hannels (denoted as gg + gqS hannel) is
A(Q,QT , y,Ω∗) =
1
S
{
Σg(θ∗)
[
δ( ~QT )Fg,δ(Q, y, θ∗) + Fg,+(Q, y,QT )
]
+Σ′g(θ∗, ϕ∗)F
′
g,+(Q, y,QT )
}
. (16)
Here
Fg,δ ≡ fg/h1(x1, µF )fg/h2(x2, µF )
(
1 + 2
αs
π
h(1)g (θ∗)
)
+
αs
π
{([
C(1,c)g/a ⊗ fa/h1
]
(x1, µF )−
[
Pg/a ⊗ fa/h1
]
(x1, µF ) ln
µF
Q
)
fg/h2(x2, µF )
+fg/h1(x1, µF )
([
C(1,c)g/a ⊗ fa/h2
]
(x2, µF )−
[
Pg/a ⊗ fa/h2
]
(x2, µF ) ln
µF
Q
)}
; (17)
Fg,+ =
1
2π
αs
π
{
fg/h1(x1, µF )fg/h2(x2, µF )
(
A(1,c)g
[
1
Q2T
ln
Q2
Q2T
]
+
+ B(1,c)g
[
1
Q2T
]
+
)
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+[
1
Q2T
]
+
([
Pg/a ⊗ fa/h1
]
(x1, µF ) fg/h2(x2, µF )
+fg/h1(x1, µF )
[
Pg/a ⊗ fa/h2
]
(x2, µF )
)}
; (18)
and
F ′g,+ =
1
2π
αs
π
[
1
Q2T
]
+
([
P ′g/g ⊗ fg/h1
]
(x1, µF ) fg/h2(x2, µF )
+fg/h1(x1, µF )
[
P ′g/g ⊗ fg/h2
]
(x2, µF )
)
. (19)
The O(αs/π) oeients A(1,c)g , B(1,c)g and funtions C(1,c)g/a (x, b), h(1)g (θ∗) are dened and
listed expliitly in Ref. [6℄. The funtion h(1)g (θ∗) denotes an O(αs/π) orretion to the hard-
sattering ontribution H in the resummed ross setion, f. Se. IIID. The onvolutions[
Pg/a ⊗ fa/h
]
and
[
C(1,c)g/a ⊗ fa/h
]
, dened for two funtions f(x, µF ) and g(x, µF ) as
[f ⊗ g](x, µF ) ≡
∫ 1
x
dξ
ξ
f(ξ, µF )g(
x
ξ
, µF ),
are summed over the intermediate parton's avors a = g, qS (gluon and the avor-singlet
ombination of quark-sattering hannels). In addition to the onventional splitting fun-
tions Pg/g(x) and Pg/qS(x) arising in Fg,+, a new splitting funtion
P ′g/g(x) = 2CA(1− x)/x, (20)
where CA = Nc = 3, enters the ϕ∗-dependent part of the asymptoti ross setion through
F ′g,+.
For ompleteness, the small-QT asymptoti form Eq. (16) for the gg+ gqS hannels is de-
rived in Appendix B. The existene of the ϕ∗−dependent singular ontribution proportional
to Σ′g(θ∗, ϕ∗) is established by examining the fatorization of the 2→ 3 ross setion in the
limit of a ollinear gluon emission. It follows diretly from fatorization rules for heliity
amplitudes [8, 9, 10, 11, 12, 13, 14℄, as well as from the dipole fatorization formalism [25℄.
In ontrast, the NLO quark-antiquark ontribution qq¯ → γγ does not inlude a spin-ip
ontribution, as a result of the simple struture of the Born ontribution in qq¯ sattering
(see also Se. III C).
B. Resummation
To predit the shape of dσ/dQT distributions, we perform an all-orders summation of
singularities δ( ~QT ) and
[
Q−2T ln
p (Q2/Q2T )
]
+
in the asymptoti ross setion, whih oinides
with the perturbative expansion of the resummed small-QT ross setion obtained within the
Collins-Soper-Sterman formalism [1, 26, 27℄. In this formalism, we write the fully dierential
ross setion as
dσ(h1h2 → γγ)
dQdQ2T dy dΩ∗
= W (Q,QT , y,Ω∗) + Y (Q,QT , y,Ω∗). (21)
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Figure 3: The struture of the resummed form fator W˜ (Q, b, y,Ω∗).
The term W ontains large logarithmi ontributions of the form lnp(Q/QT ) from initial-
state radiation, while Y is free of these logs and alulated using ollinear QCD fatorization
(f. the end of Se. IIID).
The funtion W may be expressed as a Fourier-Bessel transform of a funtion
W˜ (Q, b, y,Ω∗) in the impat parameter (~b) spae,
W (Q,QT , y,Ω∗) =
∫
d~b
(2π)2
ei
~QT ·~bW˜ (Q, b, y,Ω∗). (22)
The generi form of W˜ (Q, b, y,Ω∗) in the qq¯ + qg → γγ and gg + gqS → γγ hannels
an be determined by solving evolution equations for the gauge- and renormalization-group
invariane of W˜ (Q, b, y,Ω∗):
W˜ (Q, b, y,Ω∗) =
∑
a
∑
λ1,λ′1,λ2,λ
′
2,λ3,λ4
Hλ1λ2λ3λ4a (Q,Ω∗)
(
Hλ′1λ′2λ3λ4a (Q,Ω∗)
)∗
×Pλ1λ′1a/h1 (x1,~b)P
λ2λ′2
a¯/h2
(x2,~b) e
−Sa(Q,b). (23)
It is omposed of the hard-sattering funtion Hλ1λ2λ3λ4a (Q,Ω∗) and its omplex onjugate,(
Hλ′1λ′2λ3λ4a (Q,Ω∗)
)∗
; the Sudakov exponential exp (−Sa(Q, b)); and parton distribution ma-
tries Pλiλ′ia/hi (xi,~b).
The multipliative struture of Eq. (23) reets the topology of the dominant ut diagrams
in the small-QT ross setions shown in Fig. 3. The funtion Hλ1λ2λ3λ4a desribes the hard
2→ 2 sattering subproess a(p1, λ1)+a¯(p2, λ2)→ γ(p3, λ3)+γ(p4, λ4), with a = u, u¯, d, d¯, ...
in qq¯ → γγ, and a = a¯ = g in gg → γγ. All momenta in H have virtualities of order Q2.
For now, we onsider the leading ontribution to Hλ1λ2λ3λ4a , whih reads as Hλ1λ2λ3λ4a =√
σ
(0)
a M4(λ1, λ2, λ3, λ4), where the Born heliity amplitude M4(λ1, λ2, λ3, λ4) and overall
onstant normalization σ(0)a are introdued in Se. IIIA. Sometimes Hλ1λ2λ3λ4a also inludes
nite parts of higher-order 2→ 2 virtual orretions, as disussed in Se. IIID.
Similarly,
(
Hλ′1λ′2λ3λ4a (Q,Ω∗)
)∗
arises from the omplex-onjugate amplitude
M∗4(λ1, λ2, λ3, λ4) and possible loop orretions to it. The heliities λ′1 and λ′2 in
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(
Hλ′1λ′2λ3λ4a
)∗
need not oinide with λ1 and λ2 in Hλ1λ2λ3λ4a . The right-hand side of Eq. (23)
is summed over avors a and heliities λk, λ
′
k of the partons entering HH∗, as well as over
heliities λ3 and λ4 of the nal-state photons.
The Sudakov exponent
Sa(Q, b) =
∫ C2Q2
C21/b
2
dµ¯2
µ¯2
[
Aa (C1, µ¯) ln
(
C22Q
2
µ¯2
)
+ Ba (C1, C2, µ¯)
]
(24)
resums ontributions from the initial-state soft and soft-ollinear gluon emission (indiated
by gluon lines onneting e−S to H, H∗, and Pa/h(x,~b) in Fig. 3). Here C1 and C2 are
onstants of order unity. The funtions Aa (C1, µ¯) and Ba (C1, C2, µ¯) an be evaluated in
perturbation theory at large sales µ¯2 ≫ Λ2QCD, hene for large Q and small b.
The ollinear emissions are desribed by parton distribution matries Pλλ′a/h(x,~b), where
λ and λ′ denote the heliity state of the intermediate parton a to the left and right of
the unitarity ut in Fig. 3. The matrix Pλλ′a/h(x,~b) is derived from a matrix element of the
light-one orrelator [28, 29, 30, 31, 32℄ for nding parton a inside the parent hadron h.
It is onvenient to introdue sums of diagonal and o-diagonal entries of the heliity
matrix Pλλ′a/h(x,~b),
Pa/h(x,~b) =
∑
λ
Pλλa/h(x,~b), (25)
and
P ′a/h(x,~b) =
∑
λ
Pλ,−λa/h (x,~b). (26)
In this notation, Eq. (23) an be rewritten as
W˜ (Q, b, y,Ω∗) =
1
S
e−Sa(Q,b)
∑
a
{
Σa(θ∗)Pa/h1(x1,~b)Pa¯/h2(x2,~b) +
+ Σ′a(θ∗, ϕ∗)
[
P ′a/h1(x1,~b)Pa¯/h2(x2,~b) + Pa/h1(x1,~b)P ′a¯/h2(x2,~b)
]
(27)
+ Σ′′a(θ∗, ϕ∗)P ′a/h1(x1,~b)P ′a¯/h2(x2,~b)
}
,
where
Σa(θ∗) ≡
∑
λ1,λ2,λ3,λ4
∣∣∣Hλ1λ2λ3λ4a ∣∣∣2 , (28)
Σ′a(θ∗, ϕ∗) ≡
∑
λ1,λ2,λ3,λ4
Hλ1λ2λ3λ4a
(
H−λ1λ2λ3λ4a
)∗
, (29)
and
Σ′′a(θ∗, ϕ∗) ≡
∑
λ1,λ2,λ3,λ4
Hλ1λ2λ3λ4a
(
H−λ1−λ2λ3λ4a
)∗
. (30)
The unpolarized parton distributionPa/h(x,~b) oinides with the Fourier-Bessel transform
of the unpolarized transverse-momentum-dependent (TMD) parton density Pa/h(x,~kT ) [33℄
for nding parton a with light-one momentum fration x and transverse momentum ~kT . At
small b, Pa/h(x,~b) is redued to a onvolution of unpolarized kT−integrated parton densities
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fa/h(x, µ) and Wilson oeient funtions Ca/a′(x, b;C/C2, µ), evaluated at a fatorization
sale µ of order 1/b:
Pa/h(x,~b)
∣∣∣
b2≪Λ−2
QCD
=
∑
a′
[∫ 1
x
dξ
ξ
Ca/a′
(
x
ξ
, b;
C1
C2
, µ
)
fa′/h(ξ, µ)
]
. (31)
Perturbative entries with λi = λ
′
i redue in total to the produt of the unpolarized Born
sattering probability and unpolarized resummed funtions:
W˜ (Q, b, y,Ω∗)
∣∣∣
λi=λ′i
=
∑
a
Σa(θ∗)
S
e−Sa(Q,b)
×
[
Ca/c1 ⊗ fc1/h1
]
(x1, b;µ)
[
Ca¯/c2 ⊗ fc2/h2
]
(x2, b;µ). (32)
The funtion Σg(θ∗) is shown expliitly in Eq. (11).
C. Spin-ip term in gluon sattering
We onentrate in this subsetion on the spin-ip distribution P ′g/h(x,~b) in gluon satter-
ing. Its existene is warranted by basi symmetries of heliity- and transverse-momentum-
dependent gluon distribution funtions [34℄. This funtion, whih desribes interferene of
the amplitudes for nearly ollinear gluons with opposite heliities, oinides with the fun-
tion H⊥ in Ref. [34℄ up to an overall fator. It ontributes to unpolarized QT distributions,
beause the hard-sattering produt Hλ1λ2λ3λ4g
(
Hλ′1λ′2λ3λ4g
)∗
(with Hλ1λ2λ3λ4g given by the
quark box heliity amplitude in Fig. 1(a)) does not vanish for λ1 = −λ′1 or λ2 = −λ′2 . The
presene of P ′g/h(x,~b) modies dependene of the resummed ross setion on the photon's
azimuthal angle ϕ∗ in the Collins-Soper frame. It vanishes after the integration over ϕ∗ is
performed. In ontrast, the heliity-diagonal part of W˜ (Q, b, y,Ω∗) is independent of ϕ∗, f.
Eq. (32).
The gluon funtion P ′g/h(x,~b) is invariant under time reversal (i.e., is T -even) and aquires
large ontributions proportional to the unpolarized T -even PDF's Pg/h(x,~b) in the proess
of gluon radiation. These ontributions require resummation via PDF evolution equations
(similar to Dokshitzer-Gribov-Lipatov-Altarelli-Parisi equations [35, 36, 37, 38℄) in order to
predit the ϕ∗ dependene in the gg hannel.
At one loop, the mixing of spin-ip and unpolarized gluon PDF's is driven by the onvo-
lution
[
P ′g/g ⊗ fg/h
]
(x, µF ) of the spin-ip splitting funtion P
′
g/g(x) shown in Eq. (20) with
the gluon PDF fg/h(x, µF ). This onvolution may be omparable to or exeed the analogous
onvolution
[
Pg/g ⊗ fg/h
]
(x, µF ) of the unpolarized splitting funtion Pg/g(x) for some x and
µF values, as shown in Fig. 4. As a result of the mixing, an additional ϕ∗-dependent term
Σ′g(θ∗, ϕ∗)
2πSQ2T
αs
π
([
P ′g/g ⊗ fg/h1
]
(x1, µF ) fg/h2(x2, µF )
+fg/h1(x1, µF )
[
P ′g/g ⊗ fg/h2
]
(x2, µF )
)
(33)
arises in the unpolarized O(αs) asymptoti piee, f. Eq. (16). It is produed by
the perturbative expansion of the entry proportional to Σ′g(θ∗, ϕ∗)Pg/h(xi,~b)P ′g/h(xj ,~b) in
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W˜ (Q, b, y,Ω∗), with Σ
′
g(θ∗, ϕ∗) shown expliitly in Eqs. (14) and (15). Generally, the ϕ∗-
dependent ontribution is not small, even though it is suppressed omparatively to the
unpolarized ollinear ontribution by the ratio L′g(θ∗)/Lg(θ∗) shown in Fig. 2. For example,
for Q = 100 GeV at the LHC, its magnitude onstitutes up to about a half of the ollinear
unpolarized asymptoti ontribution,
Σg(θ∗)
2πSQ2T
αs
π
([
Pg/a ⊗ fa/h1
]
(x1, µF ) fg/h2(x2, µF )+fg/h1(x1, µF )
[
Pg/a ⊗ fa/h2
]
(x2, µF )
)
. (34)
The O(αs) spin-ip gg ontribution does not mix with the gqS ontribution.
In terms of the redued matrix elements M
(1)
λ1λ2λ3λ4
dened in [22℄, the double spin-ip
hard vertex funtion Σ′′g(θ∗, ϕ∗) is
Σ′′g(θ∗, ϕ∗) = σ
(0)
g
(
L′′1g(θ∗) + L
′′
2g(θ∗) cos (4ϕ∗)
)
, (35)
where
L′′1g(θ∗) = 4Re
(
M
(1)
1,1,−1,−1 + 1
)
, (36)
and
L′′2g(θ∗) = 4Re
(
M
(1)
1,−1,−1,1M
(1)∗
1,−1,1,−1 + 1
)
. (37)
The perturbative expansion of the resummed entry proportional to
Σ′′g(θ∗, ϕ∗)P
′
g/h(xi,
~b)P ′g/h(xj ,
~b) produes an NNLO term in the unpolarized gg asymp-
toti piee,
Σ′′g(θ∗, ϕ∗)
2πSQ2T
α2s
π2
[
P ′g/g ⊗ fg/h1
]
(x1, µF )
[
P ′g/g ⊗ fg/h2
]
(x2, µF ). (38)
The analogous quark funtion P ′qi/h(x,~kT ) orresponds to the transversity distribution
[39℄ and is odd under time reversal (T -odd). It annot be generated radiatively through
onventional PDF evolution from the T -even unpolarized funtion Pqi/h(x,~kT ) and does
not ontribute to the NLO asymptoti term. We nd Σ′q = 0, beause the non-vanishing
amplitudes Hq(qλ11 , q¯λ22 , γλ33 , γλ44 ) must have opposite heliities of the quark and antiquark
(λ1 = −λ2). Therefore, the funtions P ′qi/h(x,~b) ontribute in pairs through the term pro-
portional to Σ′′q (ϕ∗) = −(α2e4iπ/(2NcQ2)) cos 2ϕ∗. These ontributions are antiipated to be
muh smaller than the usual spin-average ontribution and negligible at large Q, in analogy
to unpolarized Drell-Yan prodution [40, 41℄.
In summary, the azimuthal angle (ϕ∗) dependene of photons in the gg sattering han-
nel is aeted by large QCD ontributions assoiated with interferene between gluons of
opposite heliities. These logarithmi orretions may arise at NLO through QCD radia-
tion from onventional unpolarized PDF's, a mehanism that is unique to gluon sattering.
Other types of spin-interferene ontributions (not onsidered here) involve spin-ip PDF's
only. The soft and ollinear logarithms assoiated with the spin-ip ontributions must
be resummed along the lines disussed in Ref. [42℄. Given that gg → γγ is the sublead-
ing prodution hannel at the Tevatron and at the LHC, we heneforth neglet the gluon
spin-ip ontributions to the resummed W˜ (Q, b, y,Ω∗), while subtrating the orresponding
ϕ∗-dependent asymptoti ontribution from the nite-order 2→ 3 ross setion. The nature
of gg spin-ip ontributions an be explored by measuring the double-dierential distribu-
tion in ϕ∗ and QT at the LHC, a topi that is interesting also from the point of view of the
Higgs boson searh. Full resummation of the gluon spin-ip ontributions may be needed in
the future.
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Figure 4: Comparison of [Pg/g⊗ fg/p](x, µF ) and [P ′g/g⊗ fg/p](x, µF ) for the gluon PDF fg/p(x, µF )
in the proton (multiplied by x1.5 to better illustrate the small-x region) at several values of the
fatorization sale µF .
D. Complete expressions for resummed ross setions
In this Setion, we review omplete expressions for the unpolarized resummed ross se-
tions, starting from the perturbative QCD approximation W˜pert(Q, b, y,Ω∗) valid at small
impat parameters b2 ≪ 1 GeV−2. For a hard-sattering funtion ∑hel. |H(Q, θ∗)|2 ≡
Σa(θ∗)h
2
a(Q, θ∗), the form fator W˜pert(Q, b, y,Ω∗) is
W˜pert(Q, b, y, θ∗) =
∑
a
Σa(θ∗)
S
h2a(Q, θ∗)e
−Sa(Q,b)
×
[
Ca/c1 ⊗ fc1/h1
]
(x1, b;µ)
[
Ca¯/c2 ⊗ fc2/h2
]
(x2, b;µ). (39)
The Sudakov funtion is dened in Eq. (24), and the funtion ha(Q, θ∗) ollets radiative
ontributions to H(Q, θ∗) arising at NLO and beyond. We ompute the funtions ha, Aa,
Ba and Ca/c up to orders αs, α3s , α2s, and αs, respetively. The Aa, Ba and Ca/c oeients
are taken from Refs. [7, 43, 44, 45, 66, 67℄ and listed in a onsistent notation in Ref. [6℄.
We use a proedure outlined in Ref. [46℄ to join the small-QT resummed ross setions W
with the large-QT NLO ross setions P . In Eq. (21), Y ≡ P −A is the dierene between
the perturbative ross setion P and its small-QT asymptoti expansion A, expliitly given
in Eq. (16). For eah value of Q and y of the γγ pair, W + Y approahes P from above
and eventually beomes smaller than P as QT inreases. We use W + Y as our predition
at QT values below this point of rossing and the nite-order ross setion P at QT above
the rossing point.
The nal ross setions depend on several fatorization sales: C1/b, C2Q, µ ≡ C3/b in
the W term, and µF ≡ C4Q in the Y term. Here Ci (i = 1, ..4) are dimensionless onstants
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of order unity, hosen as C2 = C4 = 1, C1 = C3 = 2e
−γE = 1.123... by default. These hoies
simplify perturbative oeients by eliminating sale-dependent logarithmi terms, f. the
appendix in Ref. [6℄. Dependene on the sale hoie is studied in Setion IV.
In the general formulation of CSS resummation presented in [26, 27℄, one has the freedom
to hoose dierent resummation shemes, resulting eetively in variations in the form of
ha(Q, θ∗). These dierenes are ompensated, up to higher-order orretions, by adjustments
in the funtions B and C.
In the CSS resummation sheme [1℄, one hooses ha(Q, θ∗) = 1, while inluding the
virtual orretions to the 2→ 2 sattering proess in B and C. In this sheme, some B and
C oeients depend on the 2→ 2 hard sattering proess and also on θ∗.
In an alternative presription by Catani, de Florian and Grazzini [47℄, the CFG resum-
mation sheme, one keeps the 2→ 2 virtual orretions within a single funtion |H(Q, θ∗)|2 .
In this ase, the B and C funtions depend only on the initial state. Most of our numerial
alulations are realized in the CSS resummation sheme, with a few made in the CFG
sheme for omparison purposes.
In impat parameter (b) spae used in the resummation proedure, we must integrate
into the nonperturbative region of large b, f. Eq. (22). Contributions from this region are
known to be suppressed at high energies [48℄, but some residual dependene may remain.
In the qq¯ + qg → γγ hannel, our model for the nonperturbative ontributions (denoted
as KN1 [49℄) is derived from the analysis of Drell-Yan pair and Z boson prodution. The
nonperturbative funtion in this model is dominated at large Q by a soft ontribution, whih
does not depend on the avor of initial-state light quarks. This funtion is therefore expeted
to be appliable to the qq¯ + qg → γγ proess.
The nonperturbative funtion in the gg + gqS hannel, whih is yet to be measured di-
retly, is approximated by the nonperturbative funtion for the qq¯ + gq hannel multiplied
by the ratio CA/CF = 9/4 of the olor fators CA and CF for the leading soft ontributions
in the gg and qq¯ hannels. This ansatz suggests stronger dependene of the gg+gqS hannel
on the nonperturbative input ompared to the qq¯+ qg hannels. It leads to small dierenes
from the presription used in Refs. [7, 20℄, where only the leading lnQ term of the nonper-
turbative funtion was resaled. To examine the dependene of the resummed ross setions
on the nonperturbative model, we evaluate some of them assuming an alternative (BLNY)
parameterization of the nonperturbative funtion [50℄.
IV. NUMERICAL RESULTS
The analytial results of Se. III are implemented in our omputer odes Legay and
ResBos [46, 50, 51, 52℄. We use the same parameters as in the alulation of Ref. [5℄, and
we onentrate on the region QT < Q where our alulation is most reliable [5℄.
A. Results for Run 2 at the Tevatron
In this setion, we present our results for the Tevatron pp¯ ollider at
√
S = 1.96 TeV.
We make the same restritions on the nal-state photons as those used in the experimental
measurement by the Collider Detetor at Fermilab (CDF) ollaboration [53℄: transverse
momentum pγT > p
γ
T min = 14 (13) GeV for the harder (softer) photon, and rapidity |yγ| < 0.9
for eah photon. We impose photon isolation by requiring the hadroni transverse energy
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Figure 5: Parton avor deomposition of the resummed transverse momentum distribution at the
energy
√
S = 1.96 TeV of the Tevatron Run-2. The total (solid), qq¯ + qg (dashes), and gg + gqS
(dash-dots) initial-state ontributions are shown separately.
not to exeed 1 GeV in the one ∆R = 0.4 around eah photon, as speied in the CDF
publiation. We also require the angular separation ∆Rγγ between the photons to be larger
than 0.3.
We fous in this paper on the role of the gg ontribution, referring to our other papers
[5, 6℄ for a more omplete treatment.
To illustrate the relative importane of the individual initial-state ontributions in the
nal answer, we provide a parton avor deomposition of our resummed transverse mo-
mentum distribution dσ/dQT in Fig. 5. This distribution is integrated over all diphoton
invariant masses Q, subjet to the CDF uts, and reeives dominant ontributions from the
QT < Q region. The gg + gqS ontribution supplies about one-third of the total rate near
QT = 5 GeV. It falls steeply after QT > 20 GeV, beause the gluon PDF falls steeply with
parton frational momentum x.
Dependene of the resummed ross setions on the hoie of fatorization sales men-
tioned in Setion IIID is examined in Fig. 6. We pik a few harateristi ombinations
of alternative sales to probe the sale dependene assoiated with the resummed Sudakov
funtion e−S , the b-dependent PDF's Pa/h(x,~b) ≈ [Ca/c ⊗ fc/h](x, b;µ), and the regular Y
term. The small-QT region is sensitive primarily to the sales C1/b, C2Q,C3/b in the re-
summed term W . The event rate at large QT is ontrolled by the hoie of the fatorization
sale µF ≡ C4Q in the regular term Y .
At the relatively low values of Q relevant for the Tevatron experiments, the sale depen-
dene of the next-to-leading order gg + gqS ross setion is still substantial, with variations
being about −20% (+50%) at QT = 5 − 10 GeV, ±10% at QT = 10 − 20 GeV, and ±20%
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Figure 6: Sale dependene of the ross setions in gg+ gqS and all sattering hannels. The upper
frame shows ross setions for the default hoie of sales speied in Setion IIID (solid), as well
as for varied sales C2 = C4 = 2 (dashes), C2 = C4 = 0.5 (dots), and C3 = 4e
−2γE
(dot-dashes).
The lower two frames show ratios of the ross setions omputed for the varied fatorization sales
to the ross setion for the default hoie of the sales.
at QT = 20 − 40 GeV. Sine the Y term is the lowest-order approximation for gg → γγg
at QT ∼ Q, the sale dependene assoiated with the onstant C4 remains pronouned at
large QT . The inlusive gg + gqS rate, integrated over QT , varies by 20 − 40% almost in-
dependently of the γγ invariant mass Q. The large sale dependene of the NLO gg + gqS
ross setion reets slow perturbative onvergene in gluon gluon sattering, observed also
in other similar proesses, e.g., gg → Higgs via the top quark loop [54, 55, 56℄. For this rea-
son, a NNLO alulation would be desirable to redue the sale unertainty in the gg+ gqS
hannel.
On the other hand, the sale dependene of the ross setion when all hannels are
ombined is relatively mild, with variations not exeeding 10% at small QT and 20% at
large QT . Variations in the integrated inlusive rate for all hannels ombined are below
10% at Q > 30 GeV.
Another aspet of sale dependene is assoiated with the assumed arrangement of log-
arithmi terms in the resummed W term, i.e., the resummation sheme that is adopted.
This dependene is yet another indiator of the size of higher-order orretions not inluded
in the present analysis. Figure 7(a) shows ratios of the full resummed ross setions in the
Catani-de Florian-Grazzini (CFG) and Collins-Soper-Sterman (CSS) resummation shemes,
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Figure 7: Ratios of resummed ross setions at the Tevatron Run-2 omputed in (a) the Catani-de
Florian-Grazzini (CFG) and Collins-Soper-Sterman (CSS) resummation shemes and (b) using the
BLNY and KN1 nonperturbative models, as funtions of the γγ transverse momentum QT . The
ratios are shown in the qq¯+ qg (dashed), gg+ gqS (dot-dashed), and all (solid) sattering hannels.
A QT < Q ut is imposed in this omparison.
as desribed in Se. III. The dierenes between these shemes stem from the dierent
treatment of the NLO hard-vertex orretion h(1)a (θ∗). The magnitude of h
(1)
a (θ∗) determines
whether the hannel is sensitive to the hoie of the two resummation shemes. The mag-
nitude of h(1)g (θ∗) in the gg + gqS hannel exeeds that of h
(1)
q (θ∗) in the qq¯ + qg hannel by
roughly an order of magnitude for most values of the θ∗ angle [43℄. Consequently, while the
dependene on the resummation sheme is pratially negligible in the dominant qq¯ + qg
hannel (dashed line), it an reah 15% in the subleading gg + gqS hannel (dot-dashed
line). The QT spetrum in gg + gqS hannel is slightly softer in the CFG sheme up to
the point of swithing to the xed-order ross setion at QT ≈ 60 GeV. The resummation
sheme dependene in all hannels (solid line) is less than 3-4%, reeting mostly the sheme
dependene in the gg + gqS hannel.
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To examine the sensitivity of the resummed preditions to long-distane nonperturbative
dynamis in hadron-hadron sattering, we inlude in Fig. 7(b) a omparison with the re-
summed ross setions for an alternative hoie of the nonperturbative model. As explained
in Se. IIID, our default alulation is performed in the reent KN1 model [49℄ for the
nonperturbative part of the resummed form fator W˜ (Q, b, y,Ω∗). Figure 7(b) shows ratios
of the preditions for a dierent BLNY model [50℄ and our default KN1 model in various
initial-state sattering hannels.
The dierene is maximal at the lowest QT , as expeted, and it is less than 5% for
the total ross setion. For the qq¯ + qg and gg + gqS initial states the maximal dierene
is about 5% and 20%, respetively. The dependene on the nonperturbative funtion is
stronger in the gg + gqS hannel, where the BLNY/KN1 ratio in the gg + gqS hannel
reahes its maximum of 1.15 at QT ≈ 25 GeV and slowly dereases toward 1, reahed at
the swithing point at QT ≈ 60 GeV. This behavior reets our assumption of a larger
magnitude of the nonperturbative funtion in the gg+ gqS hannel, whih is resaled in our
model by CA/CF = 9/4 ompared to the nonperturbative funtion in the qq¯+qg hannel. In
summary, despite a few-perent unertainty assoiated with the nonperturbative funtion
in the gg + gqS proess, the overall dependene of the Tevatron γγ ross setion on the
nonperturbative input an be negleted.
B. Results for the LHC
To obtain preditions for pp ollisions at the LHC at
√
S = 14 TeV, we employ the uts
on the individual photons used by the ATLAS ollaboration in their simulations of Higgs
boson deay, h→ γγ [2℄. We require transverse momentum pγT > 40 (25) GeV for the harder
(softer) photon, and rapidity |yγ| < 2.5 for eah photon. We impose the ATLAS isolation
riteria, looser than for the Tevatron study, requiring less than 15 GeV of hadroni and
extra eletromagneti transverse energy inside a ∆R = 0.4 one around eah photon. We
also require the separation∆Rγγ between the two isolated photons to be above 0.4. The uts
optimized for the Higgs boson searh may require adjustments in order to test perturbative
QCD preditions in the full γγ invariant mass range aessible at the LHC.
Distributions in the invariant mass Q, transverse momentum QT , and azimuthal angle
separation ∆ϕ ≡ ϕγ1 − ϕγ2 between the two photons in the laboratory frame are shown in
Fig. 8. As before, we ompare the magnitudes of the qq¯ + qg and gg + gqS ross setions.
The qualitative features are similar to those at the Tevatron, but the relative ontribution
of the various initial states hanges at the LHC. The gg+ gqS initial state ontributes about
25% of the total rate at Q ∼ 80 GeV where the mass distribution peaks, but the gg + gqS
rate falls faster than qq¯ + qg with inreasing invariant mass.
In the invariant mass range relevant for the Higgs boson searh, 115 < Q < 140 GeV, the
transverse momentum distribution in Fig. 8(b) shows that the gg+gqS initial state aounts
for about 25% of the rate at low QT . At high transverse momentum, on the other hand, the
other hannels dominate. The relative size of the gg+gqS ontribution drops as the invariant
mass or the transverse momentum of the photon pair grows. The gg+ gqS ontribution falls
more steeply with QT for larger masses of the diphoton. These features are attributable to
the steeply falling gluon distribution as a funtion of inreasing momentum fration x.
The sale dependene at the LHC, presented in Fig. 9, is somewhat redued ompared to
the Tevatron (f. Fig. 6). Maximum sale variations of about 40% in the gg + gqS hannel
are observed at the peak of the dσ/dQT distribution, and they are substantially smaller at
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Figure 8: Resummed dσ/dQ, dσ/dQT , and dσ/d∆ϕ distributions of photon pairs at the LHC for
ATLAS kinemati uts.
large QT . The sale variation in the sum over all hannels does not exeed 10% (15%) at
small QT (large QT ). Variations in the integrated inlusive rate at Q > 50 GeV are below
7% (30%) in all hannels (gg + gqS hannel).
The dependene on the resummation sheme is mild at the LHC (f. Fig. 10(a)), with
the maximal dierenes between the CSS and CFG shemes below 0.5%, 10%, and 2% in
qq¯+qg, gg+gqS, and all hannels. The sheme dependene is again the largest in the gg+gqS
hannel, where it persists up to the point of swithing to the xed-order ross setion at
QT ≈ 120 GeV. The ratios of the resummed ross setions alulated in the BLNY and KN1
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Figure 9: S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e in the gg + gqS and all sattering hannels at the LHC for the same
sale hoies as in Fig. 6.
models for nonperturbative ontributions in the CSS sheme are shown in Fig. 10(b). The
inuene of the long-distane (large-b) ontributions is suppressed at the high enter-of-mass
energy of the LHC. Dierenes between the preditions in the two models do not exeed
2%, 6%, and 2% in the qq¯ + qg, gg + gqS, and all sattering hannels.
The KN1 and BLNY nonperturbative models neglet the possibility of a strong x de-
pendene of the nonperturbative funtion, whih may substantially modify our preditions
at the energy of the LHC ollider. Analysis of small-x semi-inlusive deep inelasti satter-
ing data [57℄ suggests that x-dependent nonperturbative orretions of unertain magnitude
may substantially aet the resummed ross setions. Suh orretions an be onstrained
by studying the rapidity and energy dependene of the nonperturbative funtion at the
Tevatron and LHC, for example, from opious prodution of Z bosons [57℄. We onlude
that unertainties due to the hoie of the resummation sheme and the nonperturbative
model will be small at the LHC, if the resummed nonperturbative funtion does not vary
strongly with x.
C. The role of the gqS ontribution
Figures 5-10 show the ontributions from the qq¯ + qg and gg + gqS hannels along with
their sum. One may wonder if a further deomposition into qq¯ and qg (or gg and gqS) ontri-
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Figure 10: Same as Fig. 7, at the LHC.
butions ould provide additional insights into the relative importane of dierent sattering
proesses. We observe in our alulations that the resummed ross setions W + Y and the
xed-order ross setions P in the elementary sattering subhannels (qq¯, qg,...) may not
ross until QT is signiantly larger than Q. This result is at variane with our expetation
that the xed-order answer should be adequate when QT is of order Q, where logarithmi
eets are small, and the one-sale nature of the dynamis seems apparent.
Consider, for example, the gg and gg + gqS transverse momentum distributions in the
mass interval 115 < Q < 140 GeV at the LHC shown in Figs. 11(a) and (b). In the gg
hannel alone (Fig. 11(a)), the W + Y ross setion remains above the NLO ross setion P
until QT ∼ 140 GeV. However, after the gqS ontribution is inluded (Fig. 11(b)), W + Y
rosses P at QT ∼ 105 GeV. Our expetation of the adequay of the NLO predition at
QT ∼ Q is satised in this ase, and this onlusion also holds for other intervals of Q. At the
rossing point, the two ross setions satisfy W + Y = P, i.e., W = A; the resummed term
is equal to its NLO perturbative expansion, the asymptoti term. Similarly, good mathing
of the resummed and NLO ross setions in the qq¯ + qg hannel requires that we inlude
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Figure 11: Inlusion of the qg ontribution improves the mathing of the resummed and NLO
perturbative ross setions at large QT , as demonstrated by these plots of the resummed and nite-
order NLO ross setions for (a) the gg hannel only; (b) the ombined gg + gqS hannel. The
resummed and NLO ross setions are shown by the solid and dashed lines.
both qq¯ and qg ontributions.
This feature an be understood by notiing that the avors of the PDF's fa/h(x, µ)
mix in the proess of PDF evolution. Consequently the perturbative expansion of W
in the gg hannel ontains the full NLO asymptoti piee A in the ombined gg + gqS
hannel, generated from the Sudakov exponential and lowest-order resummed ontribution
∝ fg/h1(x1, 1/b) fg/h2(x2, 1/b) evaluated at a sale of order 1/b. The mismath between the
avor ontent in the perturbatively expandedW and A in nominally the same gg subhannel
auses the dierene W − A to be large and delays the rossing. On the other hand, the
avor ontent of W and A is the same (up to NNLO) when the gg and gqS ontributions
are ombined, and the mathing is improved. The gqS sattering subhannel has been as-
sumed to be small and negleted in past studies, and indeed it ontributes about one tenth
of the gg + gqS inlusive rate dσ/dQ. However, we see that the gqS ontribution must be
inluded to orretly predit dσ/dQT and to realize mathing between the resummed and
perturbative ontributions at large transverse momenta.
V. SUMMARY AND CONCLUSIONS
In this paper, we address new theoretial issues in QT resummation at two-loop auray
that arise in the gluon-gluon subproess, gg+ gq→ γγ, one of the important short-distane
subproesses that ontribute to the inlusive reations pp¯→ γγX at the Fermilab Tevatron
and pp→ γγX at the CERN Large Hadron Collider (LHC).
We evaluate all next-to-leading (NLO) ontributions of orderO(α2α3s) to the gg+gq→ γγ
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proess (Fig. 1(b-e)). A new ingredient in this paper is the inlusion of the gq → γγq
proess, Fig. 1(d), a neessary omponent of the resummed NLO ontribution. We resum
to next-to-next-to-leading logarithmi (NNLL) auray the large logarithmi terms of the
form ln(Q2T/Q
2) in the limit when QT of the γγ pair is smaller than its invariant mass Q.
The perturbative Sudakov funtions A and B and the Wilson oeient funtions C in the
resummed ross setion W are omputed to orders α3s, α
2
s, and αs. The resummed ross
setions are omputed aording to the CSS [1℄ and CFG [47℄ resummation shemes, with
the dierenes between the two approahes reeting the size of higher-order orretions. A
new nonperturbative funtion [49℄, dominated by a proess-independent soft orretion, is
employed to desribe the dynamis at large impat parameters.
Subtration of the singular logarithmi ontributions assoiated with initial-state radia-
tion from the NLO ross setion P denes a regular piee Y . This regular term is added to
the small-QT resummed ross setionW to predit the prodution rate at small to moderate
values of QT . In the gg hannel, we also subtrat from P a new singular spin-ip ontribu-
tion that aets azimuthal angle (ϕ∗) dependene in the Collins-Soper referene frame. For
our nal predition, we swith from the resummed ross setion W + Y to P at the point
where W + Y rosses P , approahing P from above, as in Ref. [46℄. The loation of this
point in QT is of order Q in the qq¯ + qg and the gg + gq hannels. For suh mathing to
happen, it is essential to ombine ross setions in the qq¯ and qg (gg and gq) hannels, as
demonstrated in Se. IVC.
At the LHC (Tevatron), the gg + gq subproess ontributes 20% (10%) of the total γγ
prodution rate (integrated over the full range of the photons' momenta). The relative
ontribution of gg + gq sattering may reah 25% for some Q and QT values. The gg + gq
hannel provides an interesting opportunity to test CSS resummation at a loop level and may
be explored in detail at later stages of the LHC operation. The NNLL/NLO resummed ross
setion for the gg + gqS hannel is used in Ref. [6℄ to predit fully dierential distributions
of Higgs bosons and QCD bakground at the LHC in the Higgs→ γγ deay mode.
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Appendix A: THE gqS → γγqS AMPLITUDE
To obtain the gluon-quark ontribution to the gg + gqS sattering hannel shown in
Fig. 1(d), we derive the heliity-dependent qq¯γγg → 0 amplitude M5(q1, q¯2, γ3, γ4, g5) from
the one-loop qq¯ggg amplitude in the olor-deomposed representation available in Ref. [8℄.
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The qq¯γγg amplitude is expressed as
M5(qc11 , q¯c22 , γ3, γ4, ga55 ) = 2g3e2
∑
il
e2il
 T a5c1c2 ∑
σ∈S
(345)
3
A
L,[1/2]
5;1 (1q, 2q¯; σ(3), σ(4), σ(5)) (A1)
in terms of the primitive amplitudes A
L,[1/2]
5;1 (1q, 2q¯; 3, 4, 5) = −Af5;1(1q, 2q¯; 3, 4, 5) −
As5;1(1q, 2q¯; 3, 4, 5) for qq¯ggg → 0 sattering involving a spin-1/2 fermion loop. The am-
plitude M5 is proportional to the sum ∑il (e2e2il) of squared quark harges irulating in
the fermion loop, as well as the QCD generator matrix T a5c1c2, with Tr(T
a1T a2) = δa1a2 . The
olor indies c1, c2, and a5 belong to the quark 1, antiquark 2, and gluon 5. The primitive
amplitudes are summed over all possible permutations S
(345)
3 of the legs 3, 4, and 5.
Equation (A1) is derived from Eq. (2.10) of Ref. [8℄ after gluons 3 and 4 are replaed
with photons, i.e., the QCD generators T a3and T a4 are replaed by identity matries, and
the overall harge fator is adjusted, g5 → 2g3∑il(eeil)2. It orretly reprodues the small-
QT asymptoti behavior reeted in Eq. (16), whih we derive by applying fatorization
relations in the splitting amplitude formalism disussed in Appendix B. The qq¯γγg am-
plitude in Eq. (A1) disagrees with the one published in Ref. [24℄ whih appears to violate
fatorization relations in the q ‖ q¯ limit. A few independent amplitudes Af5;1(1q, 2q¯; 3, 4, 5)
and As5;1(1q, 2q¯; 3, 4, 5) are presented expliitly in Se. 5 of Ref. [8℄, with the remaining am-
plitudes related by disrete symmetries aording to Eq. (5.25) in that publiation. Some
qq¯ggg amplitudes ontain infrared poles, whih anel in the sum over permutations S
(345)
3 .
We retain only non-vanishing nite parts F x of suh divergent amplitudes, i.e., we take
Ax5;1 = iF
x/(16π2) for x = f and s.
Appendix B: DERIVATION OF THE SMALL-QT ASYMPTOTIC TERM FOR
GLUON-GLUON SCATTERING
In this appendix, we derive the small-QT asymptoti approximation Eq. (16) for the
NLO ross setion in g1g2 → γ3γ4 sattering. We expand the nite-order ross setion as a
series in the small parameter Q2T/Q
2
. Consider rst the leading real-emission ontributions,
whih arise when gluon 5 is radiated o the external gluon leg 1 or 2 as in Fig. 1(b).
1
In
the notation introdued in Se. III, the small-QT approximation for the real-emission ross
setion takes the form
A(Q,QT , y,Ω∗)|real =
∫ 1
x1
dξ1
∫ 1
x2
dξ2fg/h1(ξ1, µF )fg/h2(ξ2, µF )
1
(2π)4
1
64ξ1ξ2S
|M5|2
×
{
δ(ξ1 − x1)
[1− x̂2]+
+
δ(ξ2 − x2)
[1− x̂1]+
− x1x2δ(ξ1 − x1)δ(ξ2 − x2) ln Q
2
T
Q2
}
. (B1)
The right-hand side of Eq. (B1) inludes a produt of the gluon parton densities
fg/hi(ξ1,2, µF ), squares of parton-sattering amplitudes M5, and phase-spae fators, in-
tegrated over the light-one momentum frations ξ1,2 ≡ p+1,2/P+1,2 of the inoming gluons 1
1
In ontrast, Feynman graphs with gluon radiation o a propagator in the quark loop [Fig. 1()℄ are nite
in the QT → 0 limit.
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and 2. The delta-funtions onstrain integration to phase-spae regions where the nal-state
gluon 5 is ollinear to gluon 1 [pµ5 = (1 − x̂1)pµ1 ℄, ollinear to gluon 2 [pµ5 = (1 − x̂2)pµ2 ℄, or
soft [pµ5 → 0℄, with x̂i ≡ xi/ξi for i = 1, 2.
The 2 → 3 heliity amplitude M5(1, 2, 3, 4, 5) is analyzed onveniently in an unphysial
sattering hannel 0 → g(p¯1, λ¯1)g(p¯2, λ¯2)γ(p¯3, λ¯3)γ(p¯4, λ¯4)g(p¯5, λ¯5). The momenta p¯i and
heliities λ¯i are related to the physial momenta pi and heliities λi as {p¯i, λ¯i}={−pi,−λi}
for i = 1 or 2, and {p¯i, λ¯i}={pi, λi} for i =3, 4, or 5. M5(1, 2, 3, 4, 5) is a shorthand notation
for M5(p¯1, λ¯1; p¯2, λ¯2; p¯3, λ¯3; p¯4, λ¯4; p¯5, λ¯5).
The amplitude M5(1, 2, 3, 4, 5) was derived in Refs. [20, 21℄ from olor-deomposed 5-
gluon 1-loop sattering amplitudes [9℄. M5(1, 2, 3, 4, 5) is built from 1-loop partial ampli-
tudes A5;1(1, 2, 3, 4, 5) for the 0 → ggγγg sattering proess, idential to the partial ampli-
tudes for 0→ ggggg sattering via a spin-1/2 fermion loop [9℄. The squared 5-leg amplitude,
averaged over spins, olors, and idential nal-state partiles, is
|M5|2 = σ(1)g
∑
λ¯1,λ¯2,λ¯3,λ¯4,λ¯5
∣∣∣∣∣ ∑
σ∈COP
(125)
3
A5;1(σ1, σ2, σ3, σ4, σ5)
∣∣∣∣∣
2
, (B2)
with
σ(1)g ≡ (4π)5α3sα2(
∑
i
e2i )
2 Nc
N2c − 1
. (B3)
The partial amplitudes are summed over all permutations σ of the external indies (1,2,3,5)
with a xed yli ordering of (1,2,5), i.e., ylially-ordered (COP) permutations:∑
σ∈COP
(125)
3
A5;1(σ1, σ2, σ3, σ4, σ5) ≡
A5;1(1, 2, 5, 3, 4) + A5;1(1, 2, 3, 5, 4) + A5;1(1, 3, 2, 5, 4) + A5;1(3, 1, 2, 5, 4) +
A5;1(5, 1, 2, 3, 4) + A5;1(5, 1, 3, 2, 4) + A5;1(5, 3, 1, 2, 4) + A5;1(3, 5, 1, 2, 4) +
A5;1(2, 5, 1, 3, 4) + A5;1(2, 5, 3, 1, 4) + A5;1(2, 3, 5, 1, 4) + A5;1(3, 2, 5, 1, 4). (B4)
The ollinear and soft behaviors of the amplitudeM5 an be established by following the
approah in Refs. [8, 9, 10, 11, 12, 13, 14℄, extended reently to the two-loop level [59, 60℄.
When gluon 5 is ollinear to gluon 1, the amplitudeM5(1, 2, 3, 4, 5) is dominated by six par-
tial amplitudes with ylially adjaent indies 5 and 1, suh as A5;1(5, 1, 2, 3, 4). Similarly,
when gluon 5 is ollinear to gluon 2, M5(1, 2, 3, 4, 5) is dominated by six partial amplitudes
with ylially adjaent indies 2 and 5. Eah leading partial amplitude A5;1(..., 5, 1, ...)
fators in the 5 ‖ 1 ollinear limit into a 4-leg partial amplitude A4;1(..., I, ...) for prodution
of 2, 3, 4, and intermediate gluon I, and amplitude Splittree−λ¯I (5, 1) [61, 62, 63, 64℄ desribing
tree-level splitting of I into 5 and 1:
A5;1(..., 5, 1, ...)
5‖1−→ ∑
λ¯I=±1
Split
tree
−λ¯I
(5, 1)A4;1(..., I, ...) + subleading terms. (B5)
The ellipses in Eq. (B5) denote the same permutation of indies 2, 3, and 4 in A5;1 and A4;1.
The amplitudes Split
tree
−λ¯I
(5, 1) are universal funtions of the momenta p¯I , p¯1, and p¯5, whih
in our ase satisfy p¯I ≡ p¯1 + p¯5, p¯1 = (1 − z)p¯I , and p¯5 = zp¯I , where z = 1 − 1/x̂1. The
right-hand side of Eq. (B5) is summed over the heliities λ¯I of I. The ollinear fatorization
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relation applies to any one-loop n−leg primitive amplitude Aloopn (1, ...n):
Aloopn (..., a, b, ...)
a‖b−→ ∑
λ¯I
[
Split
tree
−λ¯I
(a, b)Aloopn−1(..., I, ...) + Split
loop
−λ¯I
(a, b)Atreen−1(..., I, ...)
]
.(B6)
Equation (B6) is evaluated here for n = 5 external legs, along with the ondition that the
tree primitive amplitude Atree4 vanishes in 0→ ggγγ proess.
Using Eqs. (B2), (B4), (B5), we derive the approximate form for |M5|2 in the 5 ‖ 1 limit:
|M5(1, 2, 3, 4, 5)|2 5‖1−→ σ(1)g
∑
λ¯I ,λ¯
′
I
=±1
M∗4(p¯I , λ¯′I ; 2, 3, 4)Tλ¯′I ,λ¯I (x̂1)M4(p¯I , λ¯I ; 2, 3, 4).(B7)
HereM4(I, 2, 3, 4) ≡ ∑σ∈S3 A4;1(I, σ2, σ3, σ4) is the normalized 4-leg amplitude, obtained by
summation of the partial amplitudes A4;1(I, 2, 3, 4) over all possible permutations S3 of the
legs 2, 3, and 4. The amplitude M4 and omplex-onjugate amplitude M∗4 are evaluated
for independent heliities λ¯I and λ¯
′
I of I. Tλ¯′I ,λ¯I (x̂1) absorbs ontributions from the splitting
amplitudes:
Tλ¯I ,λ¯′I (x̂1) ≡
∑
λ¯1,λ¯5=±1
[
Split
tree
−λ¯I
(
1
x̂1
; 1, 5)
]∗
Split
tree
−λ¯I
′(
1
x̂1
; 1, 5). (B8)
In a basis with λ¯ = +1 and λ¯ = −1, Tλ¯′
I
,λ¯I (x) is a matrix of the form
Tλ¯I ,λ¯′I (x) =
2CA
2xp1 · p5
 x1−x + 1−xx + x(1− x) −1−xx [51]〈51〉
−1−x
x
〈51〉
[51]
x
1−x
+ 1−x
x
+ x(1− x)
 . (B9)
The diagonal entries of Tλ¯I ,λ¯′I (x̂1) give rise to terms proportional to the unpolarized splitting
funtion Pg/g(x̂1) in the asymptoti ross setion, with
Pg/g(x̂1) = 2CA
[
x̂1
(1− x̂1)+
+
1− x̂1
x̂1
+ x̂1(1− x̂1)
]
+
11Nc − 2Nf
6
δ(1− x̂1), (B10)
where Nf is the number of ative quark avors. The o-diagonal entries give rise to terms
proportional to the spin-ip splitting funtion
P ′g/g(x̂1) = 2CA(1− x̂1)/x̂1, (B11)
multiplied by the ratio of spinor produts 〈51〉 ≡ 〈5 + |1−〉 and [51] ≡ 〈5 − |1+〉. In a
general referene frame, 〈51〉/[51] is a omplex phase depending on the azimuthal separation
ϕ1 − ϕ5 between the gluons 1 and 5. In the Collins-Soper frame, this phase redues to
〈51〉/[51] = −1.2
2
A ollinear approximation for |M5|2 is derived in Ref. [23℄ in the framework of the dipole fatorization
formalism [25℄. This approximation agrees with ours up to phases of the o-diagonal terms, whih are not
the same as in Eq. (B9). Our expression is shown upon a loser examination to produe orret phases in
an arbitrary referene frame [65℄.
25
Next, we employ expliit expressions for M4(I, 2, 3, 4) from Ref. [22℄, given by produts
M4(I, 2, 3, 4) = Sλ¯I λ¯2λ¯3λ¯4M (1)λ¯I λ¯2λ¯3λ¯4 of redued matrix elements M
(1)
λ¯I λ¯2λ¯3λ¯4
and phase fators
Sλ¯I λ¯2λ¯3λ¯4 . With these expressions inserted, Eq. (B7) beomes in the Collins-Soper frame
|M5(1, 2, 3, 4, 5)|2 5‖1−→
σ(1)g
2x̂1p1 · p5
{
Pg/g(x̂1)Lg(θ∗) + P
′
g/g(x̂1)L
′
g(θ∗) cos 2ϕ∗
}
, (B12)
where
Lg(θ∗) =
∑
λ¯1,λ¯2,λ¯3,λ¯4
∣∣∣M (1)
λ¯I λ¯2λ¯3λ¯4
∣∣∣2 , (B13)
and
L′g(θ∗) = −4Re
{
M
(1)
1,1,−1,−1 +M
(1)
1,−1,1,−1 +M
(1)
−1,1,1,−1 + 1
}
. (B14)
In the 5 ‖ 2 ollinear limit |M5|2 is
|M5(1, 2, 3, 4, 5)|2 5‖2−→
σ(1)g
2x̂2p2 · p5
{
Pg/g(x̂2)Lg(θ∗) + P
′
g/g(x̂2)L
′
g(θ∗) cos 2ϕ∗
}
. (B15)
In the soft limit pµ5 → 0, |M5|2 fators as
|M5(1, 2, 3, 4, 5)|2 → 1
Q2T
2CA
αs
π
|M4(1, 2, 3, 4)|2 + subleading terms. (B16)
Inserting ollinear and soft approximations (B12), (B15), and (B16) in Eq. (B1) and making
some simpliations, we derive the asymptoti expression for real-emission ontributions,
dσgg
dQ2dy dQ2TdΩ∗
∣∣∣∣∣
real
→ σ
(0)
g
S
1
2πQ2T
αs
π
×
{
Lg(θ∗)
(
fg/h1(x1, µF )fg/h2(x2, µF )
(
A(1,c)g ln
Q2
Q2T
+ B(1,c)g
)
+
[
Pg/g ⊗ fg/h1
]
(x1, µF ) fg/h2(x2, µF ) + fg/h1(x1, µF )
[
Pg/g ⊗ fg/h2
]
(x2, µF )
)
+ cos 2ϕ∗L
′
g(θ∗)
([
P ′g/g ⊗ fg/h1
]
(x1, µF ) fg/h2(x2, µF )
+ fg/h1(x1, µF )
[
P ′g/g ⊗ fg/h2
]
(x2, µF )
)}
. (B17)
One we add the two-loop 4-leg virtual orretions [Fig. 1(e)℄, the soft singularities in the
real-emission ross setion residing at QT = 0 are aneled [23, 43℄. The nal small-QT
expression oinides with Eq. (16).
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